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The presence of unfrozen water in frozen soils considerably affects the thermal, hydraulic, and mechanical be-
haviors of the ground. A thorough examination and accurate estimation of the unfrozen-water saturation curve of
target soil materials are required to reliably predict the behavior of frozen soils. This study presents a meth-
odology for accurately determining the curve-fitting coefficients included in an empirical model equation. This
study differentiates itself from existing research by presenting a method for easily determining the fitting curve

coefficient of empirical unfrozen water saturation model through simple freezing experiment data (time-tem-
perature data) and iterative calculation of numerical analysis. An appropriate unfrozen-water saturation curve of
sandy soil specimens was obtained by conducting iterative numerical analyses based on indoor experimental
data. The reliability of the determined unfrozen-water saturation curve was evaluated by comparing the simu-
lation results for a single freeze-pipe freezing example with an analytical solution.

1. Introduction

Cold regions, encompassing both permafrost and seasonally freezing
areas, constitute a significant portion of Earth's surface, with over 20%
of the northern hemisphere's land covered by permafrost and more than
50% experiencing seasonal freezing and thawing [1]. The temperature
conditions in these areas are strongly influenced by the climate, and the
potential impact of climate change, particularly the freezing and thaw-
ing of frozen ground, poses a significant risk to both community safety
and economic progress [2,3]. As engineering activities in cold regions
continue to rise and artificial ground freezing methods become more
prevalent in urban areas, research on frozen ground engineering has
emerged as a primary area of interest for both scientists and geological
engineering professionals. Thus, fundamental studies in frozen ground
engineering and geocryology have addressed various engineering issues
and explored the historical development of frozen ground engineering,
along with new applications in construction engineering [4,5].

Nevertheless, achieving successful frozen ground engineering re-
quires a thorough comprehension of frozen soil and the creation of a
reliable numerical model that can anticipate ground responses during
freezing. Consequently, it becomes paramount to comprehend the
thermal-hydro-mechanical behavior of frozen ground under various soil
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conditions. The thermal-hydraulic-mechanical properties of frozen soil
are influenced by the soil type, particle size and shape, and unfrozen
water. Among these factors, the unfrozen-water saturation of frozen soil
influences its strength, deformation, and thermal behavior [6].
Unfrozen-water saturation refers to the unfrozen moisture remaining in
soil even when the soil is frozen [7,8], which is induced by adsorption
forces and curvature at particle surfaces [9-12]. Unfrozen water de-
creases strength by enabling flexible bonding between soil particles. In
certain cases, when the soil freezes, the water within its pores may
migrate towards subzero regions and crystallize into ice lenses, causing
severe frost-heave damage [11,13-17]. Furthermore, unfrozen water
influences thermal, hydraulic, and electrical characteristics as well as
mechanical behavior of soil [18-23]. Therefore, a thorough examination
and understanding of the unfrozen-water characteristics of target soil
are essential for a reliable assessment of the thermal-
—hydraulic-mechanical behavior of frozen soil.

The measurement of unfrozen water content includes various
methods utilizing sensors and precision equipment, each with its own set
of advantages and drawbacks. Among these, Nuclear Magnetic Reso-
nance (NMR) emerges as the most precise technique for measurement
[11,24-29]. However, its drawback lies in the high cost of equipment
setup. Another approach, water potential method is advantageous for
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estimating the amount of unfrozen moisture in permafrost [30-33]. This
method measures the pore water potential of the sample by stepwise
reducing the water content and subsequent thermodynamic calcula-
tions. It has the advantage of automatically monitoring the measured
moisture potential and enabling quick measurement [34]. Another
approach, Frequency Domain Reflectometry (FDR), offers continuous
measurement of floating water content during freeze-thaw processes at a
relatively low cost. Nevertheless, it faces limitations in accuracy, as it
struggles to provide consistent values depending on pore water salt
content and soil type [35,36]. Presently, many studies are employing
Time Domain Reflectometry (TDR) sensors to measure the unfrozen
water content of soil [37,38]. The TDR method gauges the travel time of
electromagnetic waves from the probe, estimating the medium's relative
permittivity and deriving the volume function ratio through a relational
equation. With a reported measurement error within 0.5% when
compared to the NMR method, TDR is regarded as a cost-effective
alternative with excellent measurement performance [39].

Many empirical models have been proposed based on test data
regarding the relationship between unfrozen-water saturation (or con-
tent) and subzero temperatures [20,24,40-47], representative models
among these are presented in Table 1. As shown in Table 1, the models
employ various output variables—some utilizing moisture content by
weight (w,), some employing volumetric water content (6,), and some
using unfrozen water saturation (y;). However, each output variable can
easily be converted to each other using correlation equations among
these variables.

Most of these models are simple and provide convenient predictions
of the relationship between unfrozen water saturation and soil temper-
ature. However, the curve-fitting coefficients in these models lack
physical meaning, and a usage limit arises as it is challenging to estimate
these coefficients in the absence of experimental data. Hence, gaining
insight into the methodology for determining the coefficients would
offer notable advantages.

This study proposes a simple methodology for reliably determining
the curve-fitting coefficients included in the empirical model equation.
First, a simple indoor freezing experiment was conducted to obtain time-
temperature data. Then, a numerical analysis model was established in
which the unfrozen water saturation curve was used as an input
parameter. By iteratively conducting a numerical analysis to determine
the unfrozen water saturation curve that most reasonably simulates the
freezing process of the specimen, the optimal combination of curve-
fitting coefficients for the unfrozen water saturation curve was deter-
mined. The reliability of the determined unfrozen-water saturation

Table 1
Empirical models calculating the unfrozen water retention curve.
Empirical Model Form Reference  Output
variable
Zhou and 1 ~
Tr—T\——\ " [20] AL
Meschke model =(1+ (&£ 1-m
eschke model ( + ( ATC;[T) )
Tice etal. model  y, = [1- (T-Ty)]" [24] AL
Mckenzie =1+
tial 2 45
exponentia L T [45] AL
model (1 —xr)exp —
Michalowski .
et al. model wy =wr+ (w0 — wp)exp[u(T - Tf) | [42] Wy
: 1
Li et al. model Ou = o+ (05 — o) i 1+ T [41] o
van Genuchten- Ou = (0s = 0r)
Zhou model l+a(-T)"] (401 Oy
Or
Fredlund and Ou = (65 —
Xing-Zhou 1 [40] Oy
model 0r) + 6,
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curve was examined by comparing the simulation results for a single
freeze-pipe freezing example with an analytical solution.

2. Indoor freezing experiment
2.1. Needle probe test

This study aims to present a method for easily determining the fitting
curve coefficient of empirical unfrozen water saturation model through
simple freezing experiment data (time-temperature data) and reverse
calculation of numerical analysis. To obtain reliable data on time-soil
temperature from the simulation model, it is crucial to accurately
input the thermal conductivity of the soil into the model. Thus, this
study conducted a thermal conductivity measurements test under
freezing condition. The used soil specimens were classified according to
the Unified Soil Classification System as ‘SP’ and exhibited a specific
gravity, uniformity coefficient, and curvature coefficient of approxi-
mately 2.66, 2.06, and 1.05, respectively. The initial dry density of the
soil is 1380 kg/rn3 (i.e. porosity is 0.48), the initial moisture content is
34.83%. For the thermal conductivity test, the TR-3 probe in the
TEMPOS measurement device [48], a non-steady-state method, was
employed to measure the variation in effective thermal conductivity of
the sandy soil during freezing. The probe sensor's operating temperature
range is —50 °C to 150 °C. Herein, the non-steady-state probe method is
a technique based on the infinite line-source theory and uses the prin-
ciple of supplying a small, constant heat flux to a probe inserted into a
specimen and analyzing the resulting temperature response [49]. The
non-steady-state probe method is particularly useful for measuring the
thermal conductivity of materials undergoing dynamic processes such as
freezing. It provides a means of assessing how the thermal conductivity
of a material varies under changing temperature conditions, such as
during the freezing of sandy soil.

Eq. (1) represents the process whereby heat is transferred radially in
a one-dimensional manner from a medium with a uniform initial tem-
perature, starting from a heat source and Eq. (2) expresses the temper-
ature at any arbitrary point [50]:
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where T is the temperature, t is the time, q is the supplied heat per unit
length, and ay, is the thermal diffusivity of the material. When plotting
the temperature increase of the heat line against the natural logarithm of
time, Eq. (3) exhibited a linear form, and the slope of the derived line
and the average heat supply rate were used to measure the effective
thermal conductivity of each specimen.
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To check the precision of the thermal conductivity measurement
sensor (TR-3 probe) before the experiment, we measured the thermal
conductivity of a reference sample (silicon epoxy) at room temperature
(Table 2). The thermal conductivity of each reference sample was
measured repeatedly 5 times and the average value was calculated.
Consequently, the measured values were confirmed to be consistent
with literature values within the +1% error range. Afterwards, this

Table 2
Comparison results of thermal conductivity measurement for the reference
material.

Reference Material Thermal conductivity [W/(m-K)] Error(%)

silicon epoxy 1.042 1.036 0.58%
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study was able to derive the thermal conductivity of the soil during the
freezing process, and confirmed that the observed data fell within the
range of measured values from previous research conducted on similar
soil samples [51].

2.2. Freezing chamber system

The freezing chamber used in this study had dimensions of 500 mm
(W) x 500 mm (D) x 600 mm (H) and was capable of cooling the in-
ternal air temperature of the chamber to a minimum of —90 °C. The
sample fixation device installed within the chamber was designed to
prevent detachment of the probe sensor caused by expansion due to
pore-water phase changes during freezing and to constrain the volu-
metric expansion of samples (Fig. 1). The sample mold used was made of
austenitic stainless steel (SUS316) and had a radius and height of 70 mm
and 130 mm, respectively, to accommodate the sample composition.
The TR-3 probe requires a minimum of 15 mm of distance parallel to the
sensor in all directions to avoid measurement errors (i.e., the sensor's
radius of influence is 15 mm). Therefore, the sample size used in this
study far exceeds the sensor's radius of influence. A mold cap was
fastened using eight bolts to provide additional resistance to the
expansion deformation of the sample. Furthermore, to efficiently cool
the internal temperature of the sample to below —20 °C, the chamber's
internal temperature was set, and freezing tests were performed. The
reader of the METER TEMPOS probe was extended to outside the
chamber to enable real-time monitoring of the temperature and thermal
conductivity inside the sample during freezing.

3. Numerical analysis
3.1. Governing equation

In this study, a numerical model was developed to simulate the soil
freezing process. The formula for analyzing freezing soil was based on
thermodynamic theory [52,53], and an approximate solution was
derived for the formula using the commercial COMSOL Multiphysics
software [54]. The target soil specimen was considered a three-phase
structure consisting of soil particles, water, and ice. Assuming a local
temperature equilibrium state, the temperature variation in the soil due
to freezing was simulated using the following energy conservation
equation [19,55]:

CAaa—erV(f/lszVT) =0 @)
00;
Ca —pC—LEpi )
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where Cy4 is the apparent volumetric heat capacity (J/(m%K)), which
includes a term representing the energy release due to pore-water phase
changes during freezing; T is the soil temperature (K); p; is the density of
ice (kg/m®); and L is the latent heat of fusion of pore water per unit mass
(3.33 x 10° J/kg). The volumetric heat capacity (pC) is defined as the
sum of the volumetric heat capacities of the three phases multiplied by
their volumetric fractions (J/ (m3-K)), and effective thermal conductivity
(Aefp) is defined as a function of the volumetric composition of the three
phases (W/(m-K)) [19].

PC =Y p,C;,j=s,w,i ©)
J

A = [ withy 0, = 1.j = s,w,i )
J J

where 0 is the volumetric fraction, and the subscripts s, w, and i repre-
sent the soil particles, pore water, and ice, respectively. The volumetric
fraction of € can be expressed as function of y; and porosity n.

O,=1—n,60,=ymn 6;=n(l—y,) (8)

where y; is the unfrozen-water saturation. In the numerical analysis
simulating artificial ground freezing processes, the unfrozen-water
saturation curve of frozen soil was used as a critical input parameter.

r= (1 (B2 —> ©

The unfrozen-water saturation curve model, as proposed by Zhou
and Meschke [20], was employed in this study. This empirical model
offers the advantages of determining the curve slope and residual
saturation level by combining two curve-fitting coefficients (m and AT,x)
(see Fig. 2). Here, Tyis the freezing point of the soil (K). In this study, the
freezing point of sandy soil was considered as 0 °C.

3.2. Freeze test simulation

In this study, a mathematical model was used to simulate the freezing
test process of frozen sandy soil. The COMSOL PDE module was
employed to apply the aforementioned governing equation and
boundary conditions. In addition, the following assumptions were made
to model the freezing behavior of soil.

1. The material properties are considered to be isotropic.

2. The soil is a fully saturated medium, and is considered to have a
three-phase structure consisting of soil particles, water, and ice.

3. Three-phase soil materials satisfy the local thermal equilibrium.

Screw

Probe wall

Heating ~¥__-
wire Thermo-couple

Fig. 1. Testing setup for measuring effective thermal conductivity during freezing.
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Fig. 2. Liquid-saturation curve during freezing: influence of m and AT, [20].

4. The effect of soil volume expansion due to pore water freezing was
ignored.

To optimize the analysis efficiency, a two-dimensional axisymmetric
(2D axial symmetric) model was used. As shown in Fig. 3, the analysis
domain included only the specimen and mold regions. This was because
the convective boundary conditions described by Eq. (10) was applied to
the outermost part of the mold.

qlext = h(Te.rr - Tmuld) (10)

where Tp014 is the temperature at the mold boundary obtained from the
calculations, and T, is the air temperature inside the freezing chamber
measured during the test (Fig. 4). h represents the convective heat
transfer coefficient. According to the literature [56], the approximate
range of convective heat transfer coefficient that can be considered
when natural convection occurs in the air (gas) medium is known to be
5-25 W/(m?%K). In this study, the median value of the presented range
was applied as the convective heat transfer coefficient.

A total of 4394 square element meshes were used in the analysis,
with a total analysis time of 185 min. The material properties used in the
simulation are listed in Table 3.
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Fig. 4. Air temperature measured inside freezing chamber.
Table 3
Material properties used in simulation model.
Parameter Symbol Value Unit
Porosity n 0.48 -
Density of water Pw 1000 kg/m>
Density of ice pi 917 kg/m?®
Density of solid particle Ps 2660 kg/m?®
Density of mold Pmold 2700 kg/m>
Heat capacity of water Cy 4200 J/(kg-K)
Heat capacity of ice C; 2100 J/(kg-K)
Heat capacity of solid particle Cs 826 J/(kg-K)
Heat capacity of mold Crnold 900 J/(kg-K)
Latent heat of fusion L 3.33E05 J/kg
Thermal conductivity of water Aw 0.58 W/(m-K)
Thermal conductivity of ice A 2.22 W/(m-K)
Thermal conductivity of solid particle As 5.07 W/(m-K)
Thermal conductivity of mold Amold 238 W/(m-K)
Convective heat transfer coefficient h 15 W/(m?K)

* Data was referred to [57].

4. Analytical solution for determining the freezing-temperature

distribution

Cai et al. [58] proposed an analytical solution to determine the
freezing-temperature distribution in a single freeze pipe. The ground
temperature distribution was divided into frozen and unfrozen zones
along the freezing front (Fig. 5). The temperature distributions for each
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Fig. 5. Schematic of single-pipe freezing [58].

zone were calculated separately, and the analytical solutions are as

follows [58]:
RZ rZ
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where Ty is the temperature of the soil in the frozen area, T, is the
temperature of the soil in the unfrozen area, and both are functions of
time t and radial coordinate r. Ty is the soil temperature at the freezing
front, Ty is the initial temperature of the soil, T, is the freezing-pipe wall
temperature, Ry is the outer radius of the freezing pipe, and R(¢) is the
radius of the freezing front. ar and ay are the thermal diffusivities of
frozen and unfrozen soil, respectively, and E;j(x) is the exponential in-
tegral function. When considering a single-pipe freezing scenario and
assuming that the thermal properties of frozen and unfrozen soil are
known under a constant freeze-pipe wall temperature, the radius of the
freezing front can be determined using Egs. (14) and (15) [58].

A i
_ 4 _ ~tag 2
kf(Td Tc)é‘ ¥ ku(Td To)e 4 _ /LL 14

+ I
R? 2 2

R(1) = Vi (15)

where ks and k; the thermal conductivities of frozen soil and unfrozen
soil, respectively. f is an undetermined constant, which can be obtained
from Eq. (14).
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5. Results and discussions
5.1. Simulation on the determination of unfrozen-water saturation curve

Fig. 6 shows the temperature variations within the specimen mold
during freezing, obtained from the constructed 2D axisymmetric simu-
lation model. Overall, the temperature deviation between the mold and
specimen was relatively small (within 0.5 °C). However, during the
phase change of the pore water in the soil specimen, the temperature
deviation between the mold and specimen was comparatively large
(Fig. 6(c)). This was attributed to the energy released from the phase
change, which prevented a significant decrease in the temperature of the
specimen.

A more distinct illustration of these observations is presented in
Fig. 7, which shows the temperature variations in the specimen over
time. After freezing, the temperature of the specimen initially decreased
until it approached the freezing point of the pore water. At this point,
soil freezing is delayed because of the energy released from the phase
change. Subsequently, when the phase change was complete, the soil
temperature began to decrease again. Such freezing behavior is deter-
mined based on the unfrozen-water saturation characteristics of the
specimen. In this study, a numerical analysis model and freezing
experiment data (elapsed time — temperature data) were employed to
determine a combination of two curve-fitting coefficients for the
empirical model proposed by Zhou and Meschke [20], aiming to
establish the unfrozen water saturation curve of sand. The iterative
numerical analysis identified the curve-fitting coefficient combination
that best aligned with the time-temperature relationship obtained in the
experiment. The simulation result using AT, = 0.5 °C and m = 0.7 best
fitted the experimental results (Fig. 7), and the shape of the unfrozen-
water saturation curve, to which the determined coefficients were
applied, is depicted in Fig. 8.

Fig. 9 shows the variation in the thermal conductivity of the sandy
soil specimen during freezing. The thermal conductivity of ice is
generally significantly higher than that of water (Table 2) which results
in an increased effective thermal conductivity when the specimen
freezes. The effective thermal conductivity of the frozen specimen
increased by approximately 1.6 to 1.7 times compared to that of the
unfrozen state (Fig. 9). During the pore-water phase change, there were
severe fluctuations in the measured data, which can be attributed to the
challenges that the small amount of heat applied by the probe sensor for
the thermal conductivity measurement is unable to generate subtle
temperature changes in the specimen due to interference from pore-
water phase transitions [59]. Meanwhile, accurately predicting the
variation in effective thermal conductivity during the phase change
section is contingent on the precise calculation of the unfrozen water
saturation curve (see Egs. (7) and (8)). Once the unfrozen water satu-
ration curve is determined, the change in thermal conductivity can also
be predicted using the numerical simulation model. The numerically
calculated thermal conductivities in both the frozen and unfrozen states
closely matched the measured data. The RMSE between the measured
data and predicted data was confirmed to be 0.255. Additionally, while
obtaining reliable data within the phase change section is difficult in
experiments, numerical analysis enables the observation of a continuous
change in effective thermal conductivity in the subzero temperature
section.

5.2. Validation of determined unfrozen-water saturation curve

The analytical solution, developed based on physics, predicts the soil
freezing process and temperature distribution but employs a method-
ology significantly different from the one commonly used in numerical
analysis. Notably, the analytical solution does not require an unfrozen
water curve, a necessity in numerical simulations. Thus, this study
validated the reliability of the determined unfrozen water curve by
comparing numerical analysis results with the analytical solution
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Fig. 6. Simulation results of temperature inside mold during freezing.
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Fig. 7. Temperature change of soil specimen over time (measured data and
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proposed by Cai et al. [58]. The comparison was conducted under
identical conditions (i.e., thermal properties of the soil, initial temper-
ature conditions, and freezing boundary conditions). We examined the
soil temperature distribution and radius variation of the freezing front in
a benchmark problem, focusing on the freezing of a single pipe. As
depicted in Fig. 10, the simulation results were consistent with the
analytical solutions, demonstrating a remarkable similarity in terms of
the ground temperature distribution and radius variation of the freezing
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Fig. 8. Determined liquid-saturation curve for sandy soil.

front. For some cases, the numerical analysis tends to slightly over-
predict the radius of the ice pillar as time elapses. This discrepancy may
arise from the thermal properties of water, ice, and particles assumed in
the numerical analysis. However, the magnitude of this error is deemed
acceptable, considering the scale of the radius. Therefore, the unfrozen-
water saturation curve obtained in this study is highly reliable and can
serve as an input parameter for various analyses related to the freezing
behavior of similar sandy soil.
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6. Conclusions

The unfrozen-water saturation curve of ground material is a critical
input parameter in numerical analysis for simulating the soil freezing
process. This study differentiates itself from existing research by pre-
senting a method for easily determining the fitting curve coefficient of
empirical unfrozen water saturation model through simple freezing
experiment data (time-temperature data) and iterative calculation of
numerical analysis. An appropriate curve for the unfrozen-water satu-
ration curve of sandy soil specimens was obtained by conducting iter-
ative numerical analyses based on indoor experimental data. The
reliability of the determined unfrozen-water saturation curve was vali-
dated by comparing the simulation results of a single freeze-pipe
benchmark example with analytical solutions. The main conclusions
drawn from the results are as follow:

1. During the initial stages of freezing, the temperature of soil speci-
mens gradually decreases until it reaches the freezing point of pore
water. At this point, soil freezing is delayed owing to the energy
release from the phase change, and then the temperature decreases
again. Such freezing behavior is highly dependent on the charac-
teristics of the unfrozen water in the soil specimen.

2. To determine the unfrozen-water saturation curve of sandy soil
specimens, iterative numerical analyses were performed based on
indoor experimental data, using the empirical model proposed by
Zhou and Meschke [20]. The simulation results matched the test
results most accurately when a specific combination of fitting co-
efficients (AT, = 0.5 °C, m = 0.7) was applied to define the unfrozen-
water saturation curve.

3. The effective thermal conductivity of the soil specimen in both the
frozen and unfrozen states, as determined using numerical analysis,
closely resembled the measured data. Additionally, the numerical
analysis was able to capture continuous changes in thermal con-
ductivity during the entire freezing process, unaffected by the phase-
change region.

4. To examine the reliability of the unfrozen-water saturation curve
applied in the analysis model, a simulation of a single freeze-pipe
freezing benchmark was conducted under the same conditions, and
the simulation results obtained using the unfrozen-water saturation
curve closely matched the analytical solution. Thus, it was confirmed
that the unfrozen-water saturation curve obtained in this study is
highly reliable and can be considered as a valuable input parameter
for future investigations concerning the freezing behavior of sandy
soil.

5. Since the soil material and conditions covered in this study were
limited, there are constraints in using the calculated curve-fitting
coefficients universally for all soil types. Nevertheless, the method-
ology presented in this study is applicable regardless of the type of
soil sample and the soil's condition. It is judged that an accurate
unfrozen water saturation curve could also be obtained for other soils
with different conditions if the methodology is applied adequately.
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